Abstract: Contrast optimization is a key issue in polarimetric imaging for the purpose of target detection. In practice, the noise could induce the intensity fluctuation of the image and thus lead to the decrease of the image contrast. A joint noise reduction method is proposed for contrast enhancement in Stokes polarimetric imaging. The proposed method is based on the relation of the joint polarimetric image set, which includes four images taken to calculate Stokes vector and one image taken at the optimal state of a polarization state analyzer (PSA). By our method, the traditional contrast-enhanced image is modified to decrease the disturbance of noise, and the contrast of the image is further enhanced. Both the theoretical analysis and the real-world experimental results demonstrate that our method can effectively decrease the disturbance by the noise and thus increase the contrast of the image. In particular, it is found that the effect of the proposed method is independent of the optimal PSA state when the regular tetrahedron measurement matrix is implemented.
Introduction
from intensity or spectral images. Target detection is one of the most important aim of adopting polarimetric imaging, in which the key issues are improving the target/background contrast and reducing the noise disturbance [13] - [17] .
In recent years, attention has been drawn on the strategy for contrast enhancement of polarimetric image. Contrast enhancement can be realized by different ways such as device design modification [2] , parameter optimization [10] , arithmetic improving [12] etc. In particular, Anna et al. [18] proposed an adaptive polarimetric imager which can be fully tunable for contrast enhancement. Goudail et al. [19] found that the image contrast provided by the adaptive system is always superior to the static one. By adaptive polarimetric imager, the contrast can be significantly enhanced by matching the polarization state analyzer (PSA) to the optimal state [20] , [21] . The optimal PSA state is deduced by the Stokes vector that is obtained by four intensity images taken at four different PSA states [22] . It is worth noting that the four images are discarded after Stokes vector measurement in previous methods. Indeed, because the optimal image and the four images are taken for the same scene, there is a joint relation between them. We believe if we can take into account of the joint relation of these images, the contrast of image can be further improved.
We consider in this paper the configuration of Stokes polarimetric imaging. The traditional strategy of contrast optimization for Stokes polarimetric imaging involves three steps: 1) measuring the polarimetric information (Stokes vector) of the scene by taking four intensity images at four different states of PSA; 2) finding the optimal states for PSA according to the measured polarimetric information; 3) adjusting PSA to the optimal state, and outputting the polarimetric image with optimal contrast. Thus, there are five polarimetric images in the whole process of measurement. Combining images to reduce noise has been used in many fields, such as optical imaging [23] and medical inspection [24] , [25] . However, with regard to the parametric images obtained by Stokes polarimetric imager, the problem is different from the previous ones. The five polarimetric images are joint physically. In this work, we investigate the joint relation between these five polarimetric images, and based on the joint relation of them, a new method is proposed to generate the modified polarimetric image in the presence of additive Gaussian noise. We show through analytical analysis and real-world experiments that the variance of the image induced by the noise can be considerably decreased and thus the contrast and the quality of the image can be further improved by our method.
Principle of Stokes Polarimetric Imaging
In Stokes polarimetric imaging system, the traditional method of optimizing contrast is realized by adjusting the state of PSA to maximize the intensity difference between target and background region. In this case, the measurement of polarization state of the scenes is necessary for deducing the optimal state of PSA. The polarization state of the light is expressed by the Stokes vector
T , where the superscript T denotes matrix transposition [26] . To obtain the full Stokes vector, one needs to measure at least four intensity images at different states of PSA [27] : 
where
)
T is the intensity vector that consist of four intensity with no noise (NN). W is the 4 × 4 measurement matrix of PSA composed by four eigenstates of PSA denoted by 
According to the measured Stokes vector, one can deduce the optimal state of PSA T op t to maximize the contrast of the image [19] . When PSA is adjusted to the optimal state T op t , one can capture the image with the optimal contrast image as:
where i N N op t represents contrast-optimized image with no noise. However, noise is inevitable in practice and it will result in the reduction of image contrast. Therefore, reducing the effect of random noise is important for improving the contrast of image, especially in the condition of low light level. When noise is taken into account, Fisher ratio is a reasonable criterion for characterizing the discrimination ability between target a and background b [28] , which is defined as:
where i k and Var [i k ], k = (a, b) refer to the mean value and variance of the intensity in target and background regions. A higher value of fisher ratio indicates a higher contrast of image. Our objective is to maximize fisher ratio of the image, and therefore, decreasing the variance of the image is the critical issue according to Eq. (4). We assume that the noise of images is additive Gaussian which is frequently encountered in optical imaging systems [29] . The intensity image captured by CCD is expressed as:
T indicating the four intensity images measured by polarimetric imaging system with measurement matrix W. N is noise vector (n 1 , n 2 , n 3 , n 4 )
T indicating the noise of the corresponding intensity image. The noise leads to the variation of i k (k = 1, 2, 3, 4) with the variance same to σ 2 in the statistical sense. It needs to be noticed that the noise in each intensity measurement is independent from each other, and the statistical variation of each intensity i k does not depend on the state of PSA and the Stokes vector to be measured. Therefore, the fifth image captured at the optimal PSA state T op t is
where n 5 is the noise of image i op t with the variance of σ 2 .
The Method of Polarimetric Joint Noise Reduction for Contrast Enhancement
As mentioned in the previous section, the Stokes vector is obtained through the four measurement images, and the optimal PSA state T op t is determined to obtain a contrast-optimized image. These five intensity images can be considered as an over-complete set for Stokes vector measurement. Since the intensity image captured by CCD can be considered as a linear projection of Stokes vector, and there are linear relations between them. In particular, the fifth image can be expressed by the linear combination of other four images. According to Eq. (2) and Eq. (3), one can get
where C is a 1 × 4 matrix composed of the four weights of the linear transformation given by Eq. (7). By replacing I N N in Eq. (7) with the measured intensity vector I given by Eq. (5), we construct a new random variable, which we call the composite image
where i com op t is a linear combination of i k (k = 1, 2, 3, 4) and i k follows Gaussian distribution. 
where C = √ CC T refers to the Euclidian norm of C. For a certain measurement, the probability that the value i com op t emerges in experiment is:
On the other hand, according to Eq. (6), i op t also follows Gaussian distribution, and thus we have:
The probability that i op t emerges in experiment is: 
To deduce the closed-form expression of i our op t , one needs to calculate the extremal solution of the joint probability in Eq. (14) . Because the joint probability P (i op t ) · P (i 
The mean value and the variance of our estimator i our op t are:
The flowchart of our method can be illustrated more clearly by Fig. 1 . Based on the joint relation, the modified image i and i com op t is that five images (i 1 , i 2 , i 3 , i 4 , i op t ) describe the scene which has 4-dimensional polarization information. These five images constitute an over-complete set and they are interrelated.
On the other hand, substituting Eqs. (8) and (9) into Eq. (16), the relation between image, measurement matrix W and optimal PSA state T op t is deduced as:
It can be seen from Eq. (18) that i our op t is a linear combination of the five images i 1 , i 2 , i 3 , i 4 and i op t , and the weights of these images are determined by T op t and W . Generally speaking, the way of combining images shown in Eq. (18) and Fig. 1 is determined by the type of polarimetric parameter, the type of noise and the selection of estimation method. Therefore, the method can be extended to other polarimetric imaging systems, for other types of noise and by different estimation methods.
In order to verify the effect of our method, we introduce the parameter of optimization ratio R as:
where F (i our op t ) and F (i op t ) refer to the fisher ratio of the image obtained by our method and the image whose contrast is optimized by traditional polarimetric method. By substituting Eqs. (4), (12) and (17) into Eq. (19), one obtains the expression
It is easy to draw a conclusion that R is always greater than one. It means that the image i our op t obtained by our method always has a higher fisher ratio than traditional optimal image i op t . According to Eq. (20), the optimization ratio R is determined by the value of C , which consequently depends on the five states of PSA, T k , k = (1, 2, 3, 4) and T op t according to Eq. (1) and (8) .
We find that the choice of measurement matrix W can affect the optimization ratio of our method. It can be seen from Eqs. (8) and (20) that R depends on C and C depends on W . The influence of two representative measurement matrices on the optimization ratio R is discussed below. We consider firstly the measurement matrix of
W 1 is a simply realized measurement matrix that is often adopted in Stokes polarization imaging [31] , [32] . In case of W 1 , the variation of R with C can be inferred from Eqs. (8), (20) and (21), as shown in Fig. 2(a) . For W 1 , according to the numerical simulation with ergodic states of T op t , the range of C is found to be between 0.8 and 2. According to Eq. (8), the value of C depends on the traditional optimal PSA state T op t and thus the relation of R and T op t can be obtained by substituting W 1 and T op t into Eqs. (8) and (20) . Since T op t can be expressed by a purely polarized Stokes vector with unit intensity, it has two degrees of freedom: angle of polarization ψ(from 0 to π) and angle of ellipticity ε (from -π/4 to π/4) [33] T op t = (1, cos 2ψ cos 2ε, sin 2ψ cos 2ε, sin 2ε) T (22) and C can be written in the form of:
(1 + cos 2ψ cos 2ε − sin 2ψ cos 2ε − sin 2ε, 1 − cos 2ψ cos 2ε − sin 2ψ cos 2ε − sin 2ε, 2 sin 2ψ cos 2ε, 2 sin 2ε). (23) Thus, we obtain the relation between R and T op t with Eqs. (20) and (23) . The variation of R with C and T op t is shown in Fig. 2 . It can be seen that R is always above 1 for any C and T op t . In particular, when T op t is taken as (1, 0.88, 0.32, 0.34) or (1, −0.88, 0.32, 0.34), the optimization ratio R reaches the maximum value of 2.5, while when T op t is taken as (1, 0, −0.64, −0.77), the optimization ratio R reaches the minimum value of 1.3.
The other measurement matrix to discuss for our method is
which is the regular tetrahedron measurement matrix being optimal for minimizing and equalizing the variance of Stokes vector estimation [34] . When W 2 is adopted, we found an interesting fact. By substituting W 2 to Eqs. (8) and (20), it can be deduced that R ≡ 2, which means that the optimization ratio R is independent of T op t and thus the polarization state of the light reflected from the scene. The noise variance is always reduced by half and the fisher ratio of the optimized image is always doubled for any target or background by our method. It also indicates that the optimization ratio will always be the same for any pixel in the image. This consistency makes this method potentially useful in polarimetry. Furthermore, we generate all the regular tetrahedron measurement matrix by the ergodic method in Ref. [35] and calculate the value of R. We find that R ≡ 2, which means that the optimization ratio R is always the same for any regular tetrahedron measurement matrix.
Experiments

Experiments Setup
The schematic of Stokes polarimetric imaging system is shown in Fig. 3 . We employ Light-Emitting Diode (Thorlabs, M625L3, 625 nm, 700 mW) together with an optical filter (Daheng Optics, GCC-202004, 633 nm, 10 nm FWHM) to generate the active illumination light with the central wavelength of 633nm. The light reflected from scene passes through the PSA and enters the camera (FLIR, BFS-U3-13Y3, resolution:1280 × 1024, pixel size: 4.8 μm). The exposure time is set to 10 ms in experiments. The PSA consists of a polarizer (Thorlabs, LPVISE200-A) and a quarter-wave plate (QWP, Thorlabs, WPQ20ME-633, 633 nm). The azimuth angle of polarizer and the fast-axis angle of the QWP are represented by α and β respectively. The regular tetrahedron measurement matrix W 2 given by Eq. (24) is adopted in our experiments for the consistency of optimization. To realize the measurement matrix W 2 , the corresponding PSA states represented by the azimuth angle of polarizer and the fast-axis angle of the QWP (α, β) are (40
Results and Discussions
In order to verify the effect of our method, a simple scene is adopted firstly. The background of the scene is a superposition of a translucent adhesive tape, a film polarizer (Thorlabs, LPVISE2X2) and a piece of white paper. The target is a piece of translucent adhesive tape placed on the background [36] . The optimal image by traditional method (i op t ) is shown in Fig. 4(a) , and the modified image obtained by our method (i our op t ) is shown in Fig. 4(b) . By comparing Fig. 4(a) and Fig. 4(b) , it can be seen that the intensity fluctuation induced by the noise is considerably lower in Fig. 4(b) , which leads to the enhancement of image contrast. In addition, the pixel values along the lines in Fig. 4(a) and Fig. 4(b) are shown in Fig. 4(c) and Fig. 4(d) , and it can be seen more clearly that the intensity fluctuation is suppressed by our method. Furthermore, the histograms of I op t and I our op t are also shown in Fig. 4 (e) and Fig. 4(f) , and it can be seen that the object and background can also be better discriminated in the histogram of our method. In order to show the visual effect of our method, another experiment is performed. The target is a metal plate which is hollowed-out according to the 1951 USAF resolution test chart. The background is a white plastic sheet. The Stokes vector of the scattered light in metal region is different from that in plastic region. The optimal image by traditional method and the modified image obtained by our method are shown in Fig. 5 . It can be seen that the intensity fluctuation in Fig. 5(b) is lower than that in Fig. 5(a) . In particular, in the blue region, a higher spatial resolution can be achieved in Fig. 5(b) , and in the red region, the boundary between the target and background is more distinct in Fig. 5(b) . The experiment result in Fig. 5 shows that our method can considerably enhance the contrast of the image by reducing the influence of the noise. 
Conclusion
In Stokes polarimetric imaging, the four images captured for calculating the Stokes vector actually contains complete polarization information, and thus can be related to the fifth image captured at the optimal state of PSA. We take advantage of these information to modify the traditional optimal contrast image. Based on the joint relation between the five images taken by polarimetric imager, a method is proposed to obtain the modified image with lower noise and thus higher contrast. The proposed method is an image recovery arithmetic to extract information in polarization image set. Theoretical analysis shows that the image contrast, which is characterized by the fisher ratio, is always improved by our method. In particular, with the regular tetrahedron measurement matrix, it can always decrease the variance by half and double the image contrast in the presence of additive Gaussian noise, and this effect does not depend on the Stokes vectors of the scene. This consistency makes this method potentially useful in polarimetry [26] .
In addition, the real-world experiment results are consistent with the theoretical analyses and verify that it is feasible to suppress the disturbance of the noise and thus improve the target/background contrast of the image by our method. It needs to be clarified that, the proposed method is implemented based on the five images which are acquired in the traditional contrast optimization method, and thus the proposed method requires no extra information and does not increase the system complexity. Finally, because the joint relation generally exists in the polarimetric images, the proposed method can be extended to other types of polarimetric imaging system (such as Mueller polarimetric imaging system [8] ) and for other types of noise (such as Poisson shot noise [34] , [35] ).
